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The present paper deals with the compound general nonlinear congruential
method for generating uniform pseudorandom numbers, which has been introduced
recently. Equidistribution and statistical independence properties of the generated
sequences over parts of the period are studied based on the discrepancy of certain
point sets. The main result is an upper bound for the average value of these
discrepancies, which rests on bounds for certain exponential sums.  1996 Academic
Press, Inc.
1. INTRODUCTION
Several nonlinear methods of generating uniform pseudorandom num-
bers in the interval [0, 1) have been introduced and studied during recent
years. The development of this attractive field of research is described in
the survey articles [1, 5, 10–12] and in Niederreiter’s excellent monograph
[13]. A particularly promising approach is the general nonlinear congru-
ential method. The generated sequences of pseudorandom numbers have
nice equidistribution and statistical independence properties [2, 7, 9]. Re-
cently, a compound version of this method, which shows some additional
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computational advantages, was introduced and analyzed [3, 4]. The present
paper deals with the average behaviour of these compound nonlinear con-
gruential pseudorandom numbers and includes corresponding new results
for the (ordinary) nonlinear congruential method.
Let p1 , . . . , pr $ 5 be distinct primes. For 1 # i # r identify Zpi 5 h0,
1, . . . , pi 2 1j with the finite field of order pi . Let ci [ Z*pi 5 Zpi\ h0j and
let gi : Z R Zpi be a monic permutation polynomial of Zpi with degree di as
a polynomial over Zpi , where 3 # di # pi 2 2 is assumed in order to avoid
uninteresting cases. Let (y(i)n )n$0 with
y(i)n ; ci gi(n) (mod pi), n $ 0,
be the corresponding (ordinary) nonlinear congruential sequence of ele-
ments of Zpi and let (x
(i)
n )n$0 with
x(i)n 5 y(i)n /pi [ [0, 1), n $ 0,
be the corresponding stream of (ordinary) nonlinear congruential pseudo-
random numbers. Now, a sequence (xn)n$0 of compound nonlinear congru-
ential pseudorandom numbers in the interval [0, 1) is defined by
xn ; x(1)n 1 ? ? ? 1 x(r)n (mod 1), n $ 0.
Since the primes p1 , . . . , pr are distinct and g1 , . . . , gr are permutation
polynomials, the sequence (xn)n$0 is purely periodic with period length
m 5 p1 ? ? ? ? ? pr and x0 , x1 , . . . , xm21 runs through all rationals in [0, 1)
with denominator m. It should be observed that in the compound nonlinear
congruential method a very large period length m can be obtained, although
exact integer computations have to be performed only in Zp1 , . . . , Zpr .
Additionally, the compound approach is particularly suitable for paral-
lelized computations, since the computation of the underlying sequences
(x(i)n )n$0 of (ordinary) nonlinear congruential pseudorandom numbers can
be allocated to r parallel processors.
Equidistribution and statistical independence properties of the generated
sequences, which are very important for their usability in a stochastic simula-
tion, can be analyzed based on the discrepancy of s-tuples of successive
pseudorandom numbers with s 5 1 and s $ 2, respectively. For N arbitrary
points t0 , t1 , . . . , tN21 [ [0, 1)s the discrepancy is defined by
DN(t0 , t1 , . . . , tN21) 5 sup
J
uFN(J) 2 V(J)u,
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where the supremum is extended over all subintervals J of [0, 1)s, FN(J) is
N21 times the number of points among t0 , t1 , . . . , tN21 falling into J, and
V(J) denotes the s-dimensional volume of J. In the following, nonoverlap-
ping s-tuples
xn 5 (xsn , xsn11 , . . . , xsn1s21) [ [0, 1)s, n $ 0,
of compound nonlinear congruential pseudorandom numbers are consid-
ered and the abbreviation
D(s)N;c1,...,cr 5 DN(x0 , x1 , . . . , xN21)
is used for 1 # N # m, where c1 , . . . , cr are the parameters in the
compound nonlinear congruential method. In the third section of the pres-
ent paper an upper bound for the average value of the discrepancy
D(s)N;c1,...,cr over the parameters c1 , . . . , cr is established. A detailed discus-
sion of this result is given in the fourth section. The second section contains
necessary auxiliary results.
At the same time, a similar analysis of the compound inversive congru-
ential method has been performed and corresponding results will appear
in [6].
2. AUXILIARY RESULTS
First, some further notation is necessary. For integers k $ 1 and q $ 2
let Ck(q) be the set of all nonzero lattice points (h1 , . . . , hk) [ Zk with
2q/2 , hj # q/2 for 1 # j # k. Define
r(h, q) 5 Hq sin(fuhu/q) for h [ C1(q),
1 for h 5 0,
and
r(h, q) 5 p
k
j51
r(hj , q)
for h 5 (h1 , . . . , hk) [ Ck(q). For real t the abbreviation e(t) 5 e2fit is
used, and u ? v stands for the standard inner product of u, v [ Rk. Subse-
quently, three known general results are stated which follow from [13,
Theorem 3.10 and Corollary 3.17] and [4, Lemma 3], respectively.
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LEMMA 1. Let N $ 1 and q $ 2 be integers. Let tn 5 yn /q [ [0, 1)k with
yn [ h0, 1, . . . , q 2 1jk for 0 # n , N. Then the discrepancy of the points
t0 , t1 , . . . , tN21 satisfies
DN(t0 , t1 , . . . , tN21) #
k
q
1
1
N Oh[Ck(q)
1
r(h, q) UON21n50 e(h ? tn)U.
LEMMA 2. The discrepancy of N arbitrary points t0 , t1 , . . . , tN21 [
[0, 1)k satisfies
DN(t0 , t1 , . . . , tN21) $
f
2N((f 1 1)l 2 1) Pkj51 max(1, uhju)
UON21
n50
e(h ? tn)U
for any nonzero lattice point h 5 (h1 , . . . , hk) [ Zk, where l denotes the
number of nonzero coordinates of h.
LEMMA 3. Let q $ 2 be an integer. Then
O
h[Ck(q)
h;0 (mod d)
1
r(h, q)
,
1
d S2f log q 1 75Dk
for any divisor d of q with 1 # d , q.
Subsequently, the polynomial Qi(h; ?): Z R Zpi with
Qi(h; z) ; Os
j51
hj gi(sz 1 j 2 1) (mod pi)
for 1 # i # r and h 5 (h1 , . . . , hs) [ Zs plays a crucial role for the analysis
of the discrepancy D(s)N;c1,...,cr . Observe that
deg(Qi(h; ?)) # di
for 1 # i # r and h [ Zs. On the other hand, [7, Lemma 4] yields the
following lower bound for the degree of this polynomial.
LEMMA 4. Let 1 # i # r, s # di , and h [ Zs with h ;y 0 (mod pi). Then
deg(Qi(h; ?)) $ 1.
In the following, let mJ 5 Pi[J pi for subsets J of h1, . . . , rj.
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LEMMA 5. Let s # minhd1 , . . . , drj and 1 # N # m. Let h [ Cs(m)
and J 5 h1 # i # r uh ; 0 (mod pi)j. Then
O
(c1,...,cr)[Z
*
p1
3???3Z*p
r
UON21
n50
e SOr
i51
ci Qi(h; n)/piDU2 # Nm2J pr
i51
iÓJ
((di 1 1)( pi 2 1) 1 1).
Proof. Straightforward calculations show that
O
(c1,...,cr)[Z
*
p1
3???3Z*p
r
UON21
n50
e SOr
i51
ci Qi(h; n)/piDU2
5 O
(c1,...,cr)[Z
*
p1
3???3Z*p
r
ON21
k,n50
e SOr
i51
ci(Qi(h; n) 2 Qi(h; k))/piD
5 ON21
k,n50
O
(c1,...,cr)[Z
*
p1
3???3Z*p
r
p
r
i51
e(ci(Qi(h; n) 2 Qi(h; k))/pi)
5 ON21
k,n50
p
r
i51
O
c[Z*p
i
e(c(Qi(h; n) 2 Qi(h; k))/pi).
Since
O
c[Z*p
i
e(c(Qi(h; n) 2 Qi(h; k))/pi) 5 Hpi 2 1 for Qi(h; n) 5 Qi(h; k),
21 for Qi(h; n) ? Qi(h; k),
for 1 # i # r and 0 # k, n , N, it follows that
O
(c1,...,cr)[Z
*
p1
3???3Z*p
r
UON21
n50
e SOr
i51
ci Qi(h; n)/piDU2 5 ON21
k,n50
(21)r p
r
i51
Qi(h;n)5Qi(h;k)
(1 2 pi)
# ON21
k,n50
p
r
i51
Qi(h;n)5Qi(h;k)
( pi 2 1) 5 O
I,h1,...,rj
ON21
k,n50
Qi(h;n)5Qi(h;k),i[I
Qi(h;n)?Qi(h;k),iÓI
p
i[I
( pi 2 1)
# O
I,h1,...,rj
ON21
k50
#h0 # n , N uQi(h; n) 5 Qi(h; k), i [ I j p
i[I
( pi 2 1).
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Now, the definition of the set J implies that
#h0 # n , N uQi(h; n) 5 Qi(h; k), i [ I j
5 #h0 # n , N uQi(h; n) 5 Qi(h; k), i [ I \J j
# #h0 # n , muQi(h; n) 5 Qi(h; k), i [ I \J j
5
m
mI \J
#h0 # n , mI \J uQi(h; n) 5 Qi(h; k), i [ I \J j
5
m
mI \J pi[I \J #hn [ Zpi uQi(h; n) 5 Qi(h; k)j
for 0 # k , N and I , h1, . . . , rj, where in the last step the Chinese
Remainder Theorem has been used. Since Qi(h; ?) is a non-constant polyno-
mial over Zpi for i [ h1, . . . , rj\J according to Lemma 4, it follows that
#hn [ Zpi uQi(h; n) 5 Qi(h; k)j # deg(Qi(h; ?)) # di
for 0 # k , N and i [ h1, . . . , rj\J. Therefore
O
(c1,...,cr)[Z
*
p1
3???3Z*p
r
UON21
n50
e SOr
i51
ci Qi(h; n)/piDU2
# Nm O
I,h1,...,rj
p
i[I \J
di
pi pi[I ( pi 2 1)
5 Nm O
I,h1,...,rj
p
i[I \J
di( pi 2 1)
pi pi[I>J ( pi 2 1)
5 Nm p
r
i51
iÓJ
Sdi( pi 2 1)pi 1 1Dpi[J pi
5 Nm2J p
r
i51
iÓJ
(di( pi 2 1) 1 pi),
which is the desired result. n
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LEMMA 6. Let s , minh p1 , . . . , prj and 1 # N # 22(r11) P
r
i51
( pi 2 1). Then
1
Pri51 ( pi 2 1)
O
(c1,...,cr)[Z
*
p1
3???3Z*p
r
UON21
n50
e SOr
i51
ci gi(sn)/piDU2 . N2 .
Proof. Straightforward calculations show that
O
(c1,...,cr)[Z
*
p1
3???3Z*p
r
UON21
n50
e SOr
i51
ci gi(sn)/piDU2
5 O
I,h1,...,rj
(21)r1#I O
ci[Zp
i
,i[I
UON21
n50
e SO
i[I
ci gi(sn)/piDU2
5 O
I,h1,...,rj
(21)r1#I O
ci[Zp
i
,i[I
ON21
k,n50
p
i[I
e(ci(gi(sn) 2 gi(sk))/pi)
5 O
I,h1,...,rj
(21)r1#I ON21
k,n50
p
i[I
O
c[Zp
i
e(c(gi(sn) 2 gi(sk))/pi)
5 O
I,h1,...,rj
(21)r1#I ON21
k,n50
gi(sn)5gi(sk),i[I
mI
5 O
I,h1,...,rj
(21)r1#ImI ? #h(k, n) [ Z2N un ; k (mod mI)j,
where ZN 5 h0, 1, . . . , N 2 1j. Let NI [ ZmI with NI ; N (mod mI) for
subsets I of h1, . . . , rj and observe that mI[N/mI] 5 N 2 NI . Then
mI ? #h(k, n) [ Z2N un ; k (mod mI)j
5 mI([N/mI](N 1 NI) 1 NI) 5 (N 2 NI)(N 1 NI) 1 mINI
for I , h1, . . . , rj. Hence,
O
(c1,...,cr)[Z
*
p1
3???3Z*p
r
UON21
n50
e SOr
i51
ci gi(sn)/piDU2
5 O
I,h1,...,rj
(21)r1#I(N 2 2 N 2I 1 mINI) 5 O
I,h1,...,rj
(21)r1#INI(mI 2 NI)
118 EICHENAUER-HERRMANN AND LARCHER
5 O
I,h1,...,rj
mI.N
(21)r1#IN(mI 2 N) 1 O
I,h1,...,rj
mI#N
(21)r1#INI(mI 2 NI)
5 O
I,h1,...,rj
(21)r1#IN(mI 2 N)
1 O
I,h1,...,rj
mI#N
(21)r1#I(NI(mI 2 NI) 1 N(N 2 mI))
5 N p
r
i51
( pi 2 1) 1 O
I,h1,...,rj
mI#N
(21)r1#I(NI(mI 2 NI) 1 N(N 2 mI))
$ N p
r
i51
( pi 2 1) 2 O
I,h1,...,rj
mI#N
(NI(mI 2 NI) 1 N(N 2 mI))
$ N p
r
i51
( pi 2 1) 2 O
I,h1,...,rj
mI#N
SN 2 12 mID2
. N p
r
i51
( pi 2 1) 2 2rN 2 $
N
2 p
r
i51
( pi 2 1)
for N # 22(r11) Pri51 ( pi 2 1). n
3. DISCREPANCY BOUNDS
The main result of the present paper is Theorem 1, which provides an
upper bound for the average value of the discrepancy of s-tuples in the
compound nonlinear congruential method over the parameters (c1 , . . . ,
cr) [ Z*p1 3 ? ? ? 3 Z*pr . Theorem 2 is an immediate consequence of this
result. A proof is added for the sake of completeness. In Theorem 3, a
corresponding lower bound for the discrepancy of s-tuples is established.
THEOREM 1. Let s # minhd1 , . . . , drj and 1 # N # m. Then the average
value of the discrepancy D(s)N;c1,...,cr of s-tuples in the compound nonlinear
congruential method over (c1 , . . . , cr) [ Z*p1 3 ? ? ? 3 Z*pr satisfies
1
Pri51 ( pi 2 1)
O
(c1,...,cr)[Z
*
p1
3???3Z*p
r
D(s)N;c1,...,cr
, p
r
i51
(Ïdi 1 1.25 1 0.5)N21/2 S2f log m 1 75Ds.
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Proof. First, Lemma 1 is applied with k 5 s, q 5 m, and tn 5 xn for
0 # n , N. This yields
D(s)N;c1,...,cr #
s
m
1
1
N Oh[Cs(m)
1
r(h, m) UON21n50 e(h ? xn)U
5
s
m
1
1
N Oh[Cs(m)
1
r(h, m) UON21n50 e SO
r
i51
ci Qi(h; n)/piDU
for any (c1 , . . . , cr) [ Z*p1 3 ? ? ? 3 Z*pr , where the polynomial Qi(h; ?)
is defined as in the second section. Therefore the average value of the
discrepancy D(s)N;c1,...,cr over (c1 , . . . , cr) [ Z*p1 3 ? ? ? 3 Z*pr satisfies
1
Pri51 ( pi 2 1)
O
(c1,...,cr)[Z
*
p1
3???3Z*p
r
D(s)N;c1,...,cr #
s
m
1
1
N Oh[Cs(m)
1
r(h, m)
? S 1
Pri51 ( pi 2 1)
O
(c1,...,cr)[Z
*
p1
3???3Z*p
r
UON21
n50
e SOr
i51
ci Qi(h; n)/piDUD
#
s
m
1
1
N Oh[Cs(m)
1
r(h, m)
? ! 1Pri51 ( pi 2 1) O(c1,...,cr)[Z*p13???3Z*pr UO
N21
n50
e SOr
i51
ci Qi(h; n)/piDU2
5
s
m
1
1
N OJ,h1,...,rj
#J,r
O
h[Cs(m)
h;0 (mod pi),i[J
h;y 0 (mod pi),iÓJ
1
r(h, m)
? ! 1Pri51 ( pi 2 1) O(c1,...,cr)[Z*p13???3Z*pr UO
N21
n50
e SOr
i51
ci Qi(h; n)/piDU2,
where the penultimate step follows from Schwarz’s inequality. Now, Lemma
5 can be used in order to obtain
1
Pri51 ( pi 2 1)
O
(c1,...,cr)[Z
*
p1
3???3Z*p
r
D(s)N;c1,...,cr
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#
s
m
1
1
N OJ,h1,...,rj
#J,r
O
h[Cs(m)
h;0 (mod pi),i[J
h;y 0 (mod pi),iÓJ
1
r(h, m)
? !Nm2J p
r
i51
iÓJ
(di 1 1 1 ( pi 2 1)21) p
i[J
( pi 2 1)21
#
s
m
1
1
N 1/2 OJ,h1,...,rj
#J,r
p
r
i51
iÓJ
(di 1 1 1 ( pi 2 1)21)1/2
? p
i[J
( pi 2 1)21/2mJ O
h[Cs(m)
h;0 (mod mJ)
1
r(h, m)
,
where mJ 5 Pi[J pi for subsets J of h1, . . . , rj. Hence, it follows from
Lemma 3 that
1
Pri51 ( pi 2 1)
O
(c1,...,cr)[Z
*
p1
3???3Z*p
r
D(s)N;c1,...,cr
,
s
m
1
1
N 1/2 OJ,h1,...,rj
#J,r
p
r
i51
iÓJ
(di 1 1 1 ( pi 2 1)21)1/2
? p
i[J
( pi 2 1)21/2 S2f log m 1 75Ds
,
1
N 1/2 OJ,h1,...,rj p
r
i51
iÓJ
(di 1 1 1 ( pi 2 1)21)1/2
? p
i[J
( pi 2 1)21/2 S2f log m 1 75Ds
5
1
N 1/2 p
r
i51
((di 1 1 1 ( pi 2 1)21)1/2 1 ( pi 2 1)21/2)
? S2f log m 1 75Ds
#
1
N 1/2 p
r
i51
((di 1 1.25)1/2 1 0.5) S2f log m 1 75Ds,
which is the desired result. n
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THEOREM 2. Let 1 # N # m and permutation polynomials g1, . . . , gr
be fixed. Let s # minhd1 , . . . , drj and 0 , a # 1. Then there exist more
than (1 2 a) P ri51 (pi 2 1) values of (c1 , . . . , cr) [ Z*p1 3 ? ? ? 3 Z*pr
such that the discrepancy D(s)N;c1,...,cr of s-tuples in the compound nonlinear
congruential method satisfies
D(s)N;c1,...,cr ,
1
a p
r
i51
(Ïdi 1 1.25 1 0.5)N 21/2 S2f log m 1 75Ds.
Proof. Subsequently, the abbreviation
M 5 p
r
i51
(Ïdi 1 1.25 1 0.5)N 21/2 S2f log m 1 75Ds
is used. Suppose that there exist at most (1 2 a) P ri51 (pi 2 1) values of
(c1 , . . . , cr) [ Z*p1 3 ? ? ? 3 Z*pr with D
(s)
N;c1,...,cr
, a21M, i.e., there exist
at least a P ri51 (pi 2 1) values of (c1 , . . . , cr) [ Z*p1 3 ? ? ? 3
Z*pr with D
(s)
N;c1,...,cr
$ a21M. Hence, one obtains
O
(c1,...,cr)[Z
*
p1
3???3Z*p
r
D(s)N;c1,...,cr $ M p
r
i51
(pi 2 1),
which contradicts Theorem 1. n
THEOREM 3. Let 1 # s , minhp1 , . . . , prj, 1 # N # 22(r11) p
r
i51
(pi 2 1), and permutation polynomials g1 , . . . , gr be fixed. Then there
exist parameters (c1 , . . . , cr) [ Z*p1 3 ? ? ? 3 Z*pr such that the discrepancy
D(s)N;c1,...,cr of s-tuples in the compound nonlinear congruential method satisfies
D(s)N;c1,...,cr .
1
2Ï2
N21/2.
Proof. First, Lemma 2 is applied with k 5 s, tn 5 xn for 0 # n , N,
and h 5 (1, 0, . . . , 0) [ Zs. This yields
D(s)N;c1,...,cr $
1
2N UON21n50 e SO
r
i51
cigi(sn)/piDU.
Now, the desired result follows at once from Lemma 6. n
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4. DISCUSSION
First, it should be observed that the main results apply for the full period
(N 5 m) as well as for parts of the period (N , m), for equidistribution
properties (s 5 1) as well as for statistical independence properties (s $
2), and for the ordinary nonlinear congruential method (r 5 1) as well as
for the compound method (r $ 2). In the following, let the number r of
prime factors of m be fixed. Then Theorem 1 shows that for any underlying
permutation polynomials g1 , . . . , gr in the compound nonlinear congru-
ential method and any dimension s # minhd1 , . . . , drj the discrepancy
D (s)N;c1,...,cr , on the average over the parameters c1 , . . . , cr , has an order
of magnitude at most N 21/2(log m)s. It should be observed that this upper
bound is independent of the specific choice of the permutation polynomials
g1 , . . . , gr (with fixed degrees d1 , . . . , dr , respectively). This result
is basically in accordance with the law of the iterated logarithm for the
discrepancy of N true random points from [0, 1)s, which is almost always
of an order of magnitude N 21/2(log log N)1/2 (cf. [8]). Theorem 2 provides
even more information, since it implies that for any permutation polynomi-
als g1 , . . . , gr and any dimension s # minhd1 , . . . , dr j only an arbitrarily
small percentage of the parameters c1 , . . . , cr may lead to a discrepancy
D (s)N;c1,...,cr with an order of magnitude greater than N
21/2(log m)s. On the
other hand, Theorem 3 shows that for any permutation polynomials
g1 , . . . , gr and any dimension s , minh p1 , . . . , pr j there exist parame-
ters c1 , . . . , cr such that the discrepancy D (s)N;c1,...,cr is of an order of magni-
tude at least N 21/2, provided N is not too large.
ACKNOWLEDGMENT
The authors thank the referees for valuable comments.
REFERENCES
1. J. Eichenauer–Herrmann, Inversive congruential pseudorandom numbers: A tutorial,
Internat. Statist. Rev. 60 (1992), 167–176.
2. J. Eichenauer–Herrmann, Equidistribution properties of nonlinear congruential pseudo-
random numbers, Metrika 40 (1993), 333–338.
3. J. Eichenauer–Herrmann, Compound nonlinear congruential pseudorandom numbers,
Monatsh. Math. 117 (1994), 213–222.
4. J. Eichenauer–Herrmann, A unified approach to the analysis of compound pseudorandom
numbers, Finite Fields Appl. 1 (1995), 102–114.
5. J. Eichenauer–Herrmann, Pseudorandom number generation by nonlinear methods, In-
ternat. Statist. Rev., to appear.
COMPOUND PSEUDORANDOM NUMBERS 123
6. J. Eichenauer–Herrmann and F. Emmerich, Compound inversive congruential pseudoran-
dom numbers: An average–case analysis, Math. Comp., to appear.
7. J. Eichenauer–Herrmann and H. Niederreiter, On the statistical independence of nonlin-
ear congruential pseudorandom numbers, ACM Trans. Modeling Comput. Simulation 4
(1994), 89–95.
8. J. Kiefer, On large deviations of the empiric d.f. of vector chance variables and a law of
the iterated logarithm, Pacific J. Math. 11 (1961), 649–660.
9. H. Niederreiter, Statistical independence of nonlinear congruential pseudorandom num-
bers, Monatsh. Math. 106 (1988), 149–159.
10. H. Niederreiter, Recent trends in random number and random vector generation, Ann.
Oper. Res. 31 (1991), 323–346.
11. H. Niederreiter, Finite fields, pseudorandom numbers, and quasirandom points, in ‘‘Finite
Fields, Coding Theory, and Advances in Communications and Computing (G. L. Mullen
and P. J.-S. Shiue, Eds.), pp. 375–394, Dekker, New York, 1992.
12. H. Niederreiter, Nonlinear methods for pseudorandom number and vector generation,
in ‘‘Simulaton and Optimization’’ (G. Pflug and U. Dieter, Eds.), pp. 145–153, Lecture
Notes in Econom. and Math. Systems, Vol. 374, Springer-Verlag, Berlin, 1992.
13. H. Niederreiter, ‘‘Random Number Generation and Quasi-Monte Carlo Methods,’’ SIAM,
Philadelphia, 1992.
